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THE  POoSIBILITI  OP  A  UNIVERSAL  SOCIAL  WELFARE  FUNCTION 

Ry 

Kenneth  J.  Arrow 


1.  Introduction 

Tradltion.'U.  social  phllobophy  of  the  Platonic  realist  variety  has  assuraed  that 

there  exists  an  objective  social  good  defined  Independently'  of  Individual  desires) 

this  social  good  was  to  be  apprehended  by  the  oetnods  of  philosophic  inquiry.  Such 

a  philosophy  could  be  and  was  used  to  Justify  governaent  by  6llte,  secular  or  religious 

To  the  nosdnalist  teaperroaent  of  the  modem  period,  the  assuraptlon  of  the  existence 

of  the  80cl:d  Ideal  In  some  Platonic  reslm  of  being  woe  meaningless.  The  utilitarian 

philosophy  of  Jereqy  Benttuus  md  his  followers  sought  Instead  to  ground  the  social  good 

on  the  good  of  Individuals.  The  hedonist  psycholo^  associatej  with  utilitarian  phl» 

losophy  was  further  'used  to  L^ply  that  each  individual's  good  was  Identical  with  his 

desires.  Hence,  the  socl.d  good  was  In  some  sense  to  be  a  composite  of  the  desires  of 

lndlvldu.iXs .  Cle  irly,  sone  viewpoint  of  this  type  Is  b^islc  ooth  to  political  democracy 

and  to  lalssez^filre  econondcs  or  indeed  to  apy  economic  system  in  which  consumers  are 

given  free  choice  of  goods  and  workers  are  given  free  epolee  of  occupati ''ns. 

W.  S.  Jevons^  introduced  Benthamite  psyc^lolo^  Into  the  field  of  economics  In  the 

fom  of  the  ffl.*vrginal  utility  theory  of  choice.  It  was  natural  to  follow  through  with 

the  utilitarian  viewpoint  by  then  Identifying  the  social  welfare  with  the  stim  of  the 

2 

Indlvlduad  utilities.  Tnis  Is  ths  viewpoint  of  F.  Y.  Edgeworth  and  Is  basic  to 

W.  S.  Jevons,  Theory  of  .olltlcal  Lcononor.  (1871).  The  marginal  utility  theory 
was  developed  Independently  by  H.  H.  Gossen,  The  Human  Need.  (1854) | 

K.  Menger,  Grundsatze  der  Woli:swijtschaftslehre.  (1871)  i  and  L.  -'alras.  £^emen|^ 
d'econoede  politique  pure.  (18741. 

2 

F.  T,  Edgeworth,  Hatttematlcal  Psychics.  (1871),  "The  Pure  Theory  of  Taxation", 
LcoDonie  Joum-d.  VII  (1397),  PP.  550-571. 
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A.  Hanhiill's  use  of  ctxisuners'  surplus  to  derive  reconiaend?tlon  for  economic  poliej*^ 

The  addition  of  individual  utilities  implies,  howerer,  that  such  utilities  ars 

measurcible,  and  moreover,  measurable  in  sotue  sufficiently  objective  way  to  be  able  to 

cos^are  utilities  of  different  individuals.  (Thus,  noasurability  of  individual  utility, 

as  in  the  system  of  J.  von  Neumann  and  0.  lloroenstem^  is  not  sufficient  to  settle  the 

question  of  social  utility}.^  The  reaction  against  measurable  utility  and  in  favor  of 

a  pure  indifference>«urve  appro  ich  to  the  study  of  individaol  behavior,  associated  with 

the  names  of  I.  Fisher  and  V.  Fareto,  led  to  attew.pt  to  reformulate  welfare  propositions 

in  economics  on  the  basis  of  conditions  wtiich  would  fit  into  any  ethical  scheme.  Thus, 

Pareto,  Barone,  and  HotoUln^:,  aaon^  others  studied  optimal  states  of  economic  welfare, 

where  an  optimal  state  was  defined  as  one  in  which  not  everybody  could  be  evade  better 

off  by  v-tiy  reapportionr.ent  of  resources. ^  Of  course,  thia  approach  does  not  uniquely 

define  the  opiiuol  point. 

7 

A.  B«r;:son  hae  reintroauced  tiie  social  welfare  function  and  has  pointed  out  that  it 
need  only  depen-i  on  the  preference  schedules  of  irvJividuals  and  not  on  the  measurability 

I 

of  individual  utility.  Also,  of  course,  no  ossisaption  neei  be  made  as  to  the  measur¬ 
ability  of  aoci;J.  utility I  the  social  welfare  function  need  be  unique  only  up  to  a 

g 

monotone  tranefonaation.  Bergson's  approach  has  been  accepted  by  Saouelson  and  Lange  . 

- 

A.  Mi.rshaili  Principles  of  Econoaics.  (1''90),  Book  V,  Cnapter  Illl. 

L 

J.  von  Neumann  and  0.  Morgenstem,  Theory  of  Saaee  and  Econooic  Behavior.  2nd  Ed., 
Princeton,  (1946),  pp.  15-31,  617-632. 

^  J.  von  Neuioonn  .and  0.  Morgenstem,  op.  cit.,  p.  uCm«,  **We  have  not  only  aseuried 

thiat  its  utility  is  numorical  -  for  which  a  tolerably  good  caae  can  be  made...-  but 
also  th.at  it  is  substitutable  and  unrestrictedly  transferable  between  the  various 
players  ,*• 

^  P.  A.  dauuelson,  Founaations  of  Econo.mic  .In.-vlysie.  Harvard,  (1947),  Chapter  VIII. 

7 

A.  Bergson,  "A  IiefonaulHtio.a  of  Certadn  Aspects  of  Welfare  Leonomice*^ 

Journal  of  Lcunoadcs.  Lll,  (193H),  pp.  310-334# 

0 

P.  A,  baaueison,  op.  cit.,  pp.  219-w;52.  0.  Lange,  "The  Foundations  of  Welfare 
Kconooics",  F.conometrica.  X,  (1944)  pp.  ^l5-22fi. 
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Th«  onl^  concrete  fom  that  has  been  proposed  for  Bergson's  social  welfare  function 

9 

.is  the  coopenaation  principle  developed  by  Hotelling*  Suppose  the  current  situation 

>  • 

is  to  be  coopered  with  anoth«,r  possible  situation*  Each  individu:il  is  asked  how  much 
he  is  willing  to  pay  to  change  to  the  new  situction;  negative  amounts  mean  that  the 
individual  deoands  compensation  for  the  change.  The  possible  situation  is  said  to  be 
better  than  the  current  one  if  the  algeuraic  sun  of  all  the  anounts  offered  is  positive. 
Unfortunately*  as  pointed  out  by  T.  Je  Scltovaky*^^  it  may  Mell  happen  that  situation  B 
may  be  preferred  to  situation  A  when  A  is  thie  current  situation*  while  A  may  be  preferred 
to  B  when  B  Is  tiie  current  situation. 

Thus*  the  compensation  principle  does  not  protrido  a  true  ordering  of  social  decisions 
It  is  the  purpose  of  this  note  to  show  thit  this  phenomenon  is  very  general.  Under 
certain  very  reasonable  restrictions*  tliere  is  no  i-iethod  of  aggregating  inuividual  pre¬ 
ferences  wtileh  leads  to  a  consistent  soci.l  preferences  scale,  .apart  from  certain  trivial 
methods  which  violate  de-uocratic  principles. 

2.  The  nature  of  Preference  delations 

This  section  is  a  brief  discussion  of  the  language  which  will  he  used  to  describe 
preference  relations.  It  is  assumed  tiiat  Uic  oehavior  of  each  inaividual  c.an  he  ex¬ 
pressed  by  spying  that*  given  ar\y  set  of  alternative  actions,  he  chooses  the  one  or 
ones  which  he  prefers  to  all  others  iii  that  set.  In  the  present  essa^’*  the  alternatives 
in  question  are  tuken  to  be  sociil  derisions.  Tlie  end  product  of  the  process  of  aggre- 
gating  individxial  preferences  is  to  be  a  social  preference  scale*  such  that  the  decision 
to  be  nadc  aiaon^  anj'  given  set  of  alternatives  is  to  be  one  which  is  preferred  to  any 

other  alternative  in  the  set  according  to  tivit  scale. 

_ 

K.  Hotelling*  "The  Ge..eral  ..’eifare  in  Kelation  to  Frublenis  of  Taxation  .and  of 
Railway  -ind  Utility  Rates",  Ec>>nonietrica.  VI  (193<^),  PP»  242-269.  The  idea  is 
implicit  in  the  earlier  wort  of  harcto  ai;d  Barone j  see  dai'jeljor:*  op.  cit.,  pp. 213-21? 

10 


T.  de  icitovsxy*  "A  «ote  on  V’elftre  ?  rop  ....-tiorb  in  Lconotoics",  Revifv>  of  Ijcononic 
Studies.  U  (IVU),  pp.  77-8C. 
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It  is  custoaary  in  econordc  literature  to  work  with  the  two  relations  of  preference 
and  indifference.  It  is  ali'htly  more  convenient  to  discuss  instead  the  relation^ 
"preferred  or  indifferent".  Let  x,y,z,...  be  various  possible  social  decisions«  re¬ 
ferred  to  as  ^temitives.  The  relation,  x  R  y,  read,  "x  is  preferred  or  indifferent 
to  y",  is  assisaed  to  obey  the  following]  axioms: 

1.  For  all  X  and  y,  eitner  x  R  y  or  y  R  x.  (Connexity) 

II.  For  all  x,y  and  s,  x  R  y  and  y  R  z  implies  x  R  z.  (Transitivity) 

These  two  aixioias  are  precisely  those  for  a  weak  orJerinc  relation.  Preference  and 
indifference  can  be  defined  in  terns  of  the  rel  -.tion  R. 

Definition  1.  x  F  y  neans  x  R  y  out  not  y  R  x. 

Definition  i.  x  I  y  me  ms  x  R  y  ind  y  R  x. 

The  followin'  leutu;^  brings  tojetner  a  number  of  obvious  conse^^uenees  of  the  above  axioms 
and  definitio.as  wldch  will  be  used  subsequently. 

Lcana  1.  (1)  x  R  x  for  all  x. 

(w)  If  X  F  y,  then  x  R  y. 

(3)  If  X  ?  y  and  y  P  z,  then  x  P  z. 

(4)  For  all  X  a.Kl  y,  either  x  R  y  or  y  P  x. 


(3)  If  X  ?  y  and  y  R  z,  then  x  P  z. 

(6)  If  X  R  y  and  y  P  z,  then  x  P  z. 

Alternatively,  we  may  describe  tne  preference  pattern  in  tents  of  the  behavior  of 
an  individurj.  or  society  when  confronted  with  a  set  of  alternatives.  Let  C(S)  be  what 
is  chosen  from  the  set  of  alternatives  S. 

I  .  C(C)  is  a  subset  of  S. 

We  do  not  wish  to  prescribe  that  C(S}  contains  only  a  sin^^le  element)  for  ex&uple, 
S  may  cont  ain  two  eleisents  between  which  the  chooser  is  indiffereiit.  Nor  do  we  wish 
to  prescribe  that  C(S)  is'  alwiys  defined,  and  non-null)  for  exanple,  S  say  be  the 
sec.uence  of  alternatives  of  which  the  nth  is  that  the  chooser  /^ets  1  -  (l/n)  dollars. 
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As  &  convsntion«  ws  will  say  th>;t  C(S)  is  the  null  set  under  such  circumstances. 

12  •  If  S  is  finite,  C(S)  is  nor.-nuil. 

'  ,1-1 
Ill  •  If  S  is  infinite,  x  belongs  to  S,  ;ind  x  belongs  to  C(S  )  for  every  finite  S 

containing  x  and  included  i;i  S,  then  x  belon^-^s  to  C(S). 

Finally,  «e  wish  to  prescribe  a  certain  def^ree  of  rationality  or  consistency  in 

the  choice. 

II  '  ,  V 

IV  •  If  S  is  a  subset  of  3,  and  the  intersection  S  C(3)  is  non»null,  then 

c(s*)  -  s'AcCs). 

,  .  II 

A  set-function  0(3)  satisfying  I  -IV  :aay  be  tennei  a  rational  choice  function. 

It  Is  not  hard  to  see  that  a  rational  ciioice  function  and  a  weak  orderin^^  relation  are 
simply  alternative  descriptions  of  the  same  phenomena.  Each  can  be  defined  in  terms 

of  the  other.  Let  Qc,y]  mean  the  set  coru:isting  of  the  alternatives  x  and  y. 

Definition  3.  x  R  y  means  Uiat  x  belongs  to  C(fic,yJ). 

Definition  A.  0(3)  is  the  set  of  all  x's  such  that  x  belongs  to  3  and  x  R  y  for 

all  y  in  S. 

I  I 

For  subsement  use,  some  conser;uences  of  a>i.ocis  I  -IV  will  be  set  forth. 

^g2a_2.  (1)  If  S  C  S,  ‘^nd  x  belongs  to  S  A  0(3),  then  x  belongs  to  O(s'). 

(2)  If  S  C  S,  3  has  at  least  one  point  in  cenmon  with  0(3),  and  x 
belongs  to  0(3*),  then  x  belon-^s  to  0(3). 

I 

Leans  2  is  on  obvious  conse<]uenca  of  IV. 

A  necessary  and  sufficient  coixiition  that  x  belong  to  0(3)  is  that  x 
belong  to  S  and  x  belong  to  0(3  )  for  every  finite  3  containing  x  and  included  in  S. 

I 

Proof  of  Sufficiency t  If  3  is  infinite,  Lenna  3  coincides  with  III  .  If  3  is 
finite,  Leassa  3  is  &  tautoiOQr,  since  S  is  a  finite  subset  of  itself  containing  x. 

I 

Proof  of  Necessity:  Let  S  be  any  finite  subset  of  S  containing  x.  Then  x  belongs 
to  S  ^\C(S),  and  therefore  to  C(S  )  b^  Leuma  2. 
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Lema  4«  If  S  is  finite^  x  belongs  to  C(S)  if  ani  only  if  *■  belongs  to  C(S  ) 

I 

for  every  two-elenent  subset  S  of  S  containin::  x* 

Proof  of  I^eoessityt  Ltwna  2. 

Proof  of  Jufficiencyi  V.'e  proceed  by  induction  on  n,  the  nuraber  of  eleraents  in  S* 

The  lenna  is  clearly  true  for  n*l,  if  one->elene/it  subsets  ore  Included  hith  two^element 
subsets.  Suppose  the  lerma  is  true  for  n.  Let  S  have  n^l  elements ,  and  let  be  a 

subset  of  S  containing  x  and  having  n  eiecients,  Tnen  x  belongs  to  C(S^)  by  the  induction 
hypothesis.  Let  y  the  one  element  of  S  which  is  not  in  S^,  If  did  not  inter¬ 
sect  C(S),  C(S)  -<ouli  contain  the  single  eleuent  y  by  I*  and  II  ,  Then  inter¬ 

sects  C(5};  as  x  belongs  to  C([x,yJ  ),  x  belongs  to  C(S)  by  Letmua  2,  which  is  a  contra¬ 
diction,  Therefore,  intersects  C(S),  so  that  x  belongs  to  C(S)  by  Lenma  2, 

Lemna  3,  A  necessary  ciitJ  sufficient  condition  that  x  belong  to  C(S)  is  that  x  belong 
to  S  and  x  belong  to  C(S  )  for  every  two-elenent  subset  S*  of  3  containing  x, 
rrooft  Leron  s'3  and  4, 

i^ema  6,  If  S  cont  dns  the  sing.le  elc:^ent  x,  then  x  belongs  to  C(b), 

Proof*  1  and  II  , 

Le-To.-.  7,  If  C(3)  is  a  ration-il  choice  function  and  R  la  defined  by  Definition  3* 
then  R  is  a  weak  ordering  relation, 

Proof*  It  is  to  be  shown  th..t  R  so  defined  satisfies  I  and  II, 

(1)  The  set  C([x,y])  contains  either  x  or  y  by  I  and  U  j  hence,  I  follows 
fron  LefLdtion  3, 

(2)  Suppose  X  R  y  and  y  R  z.  Let  3  be  the  set  containing  the  three  elements 

x,y,  and  z.  If  did  not  Intersect  C(S),  C(j)  would  contain  the  single  eleiaent  s, 

by  I  and  II  ,  Then  vould  Intersect  C(S),  so  that  y  would  belong  to  C(S)  by 

Le.’xoa  2  and  Definition  3,  This  is  a  contradiction,  so  that  Qc,y^  Intersects  C(S), 

Hence,  x  belongs  to  C(S)  by  Lemon  2,  and  thHrefoi*e  to  C(rx,z'1),  by  i-fp*  2,  Hence, 


II  is  satisfied 
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If  K  is  a  weak  ordering  relation,  and  C(S)  is  de.  .ned  by  Definition  4t 
then  C(S)  is  a  rational  ciioice  function. 

Proof:  It  is  to  be  shown- that  C(3)  satisfied  I  -IV  . 

(1)  I  follows  ixasediatel^'  fron  Definition  4. 

I 

(2)  Let  n  be  the  number  of  elet.-ents  in  S.  For  n«l,  II  follows  from  (1)  of 

I 

Lena  1.  suppose  II  holds  for  n.  Let  S  contain  n-*^!  clenents,  be  an  n-clement 
subeet.  For  sooe  x  in  x  R  y  for  all  y  in  by  the  induction  hypothesis.  Let  z 

I 

be  the  single  element  in  S  nut  not  in  D^.  If  x  R  s,  then  II  holJs.  If  not,  then 
t  R  X,  by  I,  and  therefore,  z  R  y  for  all  y  in  by  II.  As  z  R  s  by  Leiraa  1,  z  R  y 
for  all  y  in  S,  so  that  z  belong”  to  C(S). 

I  I 

(3)  Under  the  hypotheses  of  III  ,  x  belonjs  to  C(S  )  for  every  two-elc:.»nt  sub- 

I 

eet  of  Sg  containing  x,  amonf,  ot;  ers,  so  that  x  R  y  for  all  y  in  S,  verifyiaj  III  . 

(4)  Let  X  belong;  to  S  /\  C(S).  As  x  belongs  to  D(?),  x  H  y  for  all  y  In  S  and 

I  I  ,1. 

in  particular,  in  S  .  As  x  belon^-s  to  S  ,  x  belont;s  to  C(S  }  by  definition.  Hence, 
every  element  of  S  /\C(S)  beloht:B  to  C(S*). 

i.'ow  let  x  be  any  elo:»r.t  of  C(S  ).  By  i.ypothe8is,  h  ere  is  an  oleiaent  y  belorv'^inc 
to  s'/\C(o).  As  y  belongs  to  S  ,  x  R  y;  as  y  belongs  to  C(S),  y  R  z  for  all  z  in  S. 
Hence,  x  K  z  for  all  z  in  S  by  II,  so  that  x  belonrs  to  C(3)  end  hence  to  s'/\C(3). 

Lenna  j.  If  C(8)  is  a  ration.al  choice  function,  R  is  defined  by  Definition  3,  and 
C  (S)  is  defined  by  Definition  4,  then  C(S)  •  C  (S)  for  all  S. 

Proof:  The  ele:dent  x  belongs  to  C  (S)  if  and  only  if  x  H  y  for  all  y  in  S  and 

therefore  if  .ind  only  if  x  belongs  to  C(S  )  for  ever^  tv/o-eloiaent  subset  s'  of  S  con¬ 
taining  X.  Lema  9  then  follows  from  Lenoa  3. 

/ 

Lenaa  IQ,  If  R  is  a  weax  ordeiring  relation,  J(3)  is  defined  by  Definition  4,  -and 

•  • 

R  is  defined  by  Definition  3#  tnen  x  it  y  if  and  only  if  x  R  y. 

I  _  _ 

Proof:  By  definition,  x  R  y  if  -ind  only  if  x  belongs  to  G(|x,jM)  and  therefore 
if  and  only  if  x  R  x  and  x  R  y.  As  x  H  x  alwiys  holds,  Lcfuna  10  is  proved. 
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TiWJHQil,  Definitions  3  and  4  establish  a  one-one  correspondence  between  weak  ordering 


relations  and  rational  choice  functions, 

Trooft  Lerjtiias  7  -  10, 

Theorem  1  penai’^s  us  to  use  indifferently  the  lanjuaf^e  of  rational  choice  functions 
and  that  of  weak  orierin,  relations. 

For  use  in  subse  uent  sectionu,  two  other  types  of  orderinj  relations  will  b»  defined 
hero. 


Definition  5,  R  is  said  to  be  a  p  rtial  we,.k  ordering  relation  if 

(1)  X  h  X  for  ail  x,  .nd 

(2)  X  K  y  and  y  R  s  imply  x  R  z. 

In  tji',:..-.  of  preference  scales,  partial  weak  ordering  relations  pemit  us  to  consider 
the  case  'icre  no  choice  at  all,  not  even  the  choice  of  indifference,  can  be  nade  between 
two  possible  decisions,  Parti.il  weak  ordering:  relations  have  also  been  referred  to  as 
quasi-orderin,;  rclations,^^  A  le.uaa  which  relates  partial  weak  orlerin/:  relations  to 

weak  orderinj  relations  will  be  useful  later  on, 

\ 

Leiama  11,  If  R  is  a  partial  weak  oixlerin^  relation  on  a  space  X  and  S  a  subset  of 
X  such  that  for  all  x,y  in  S,  neither  x  R  y  nor  y  R  x,  ind  if  there  exists  a  weak 

I  I 

ordering  relation  T  on  X  such  th  a  x  it  y  implies  x  T  y,  tl.en  for  every  weak  orderir\7 

H 

relation  T  on  S,  there  is  a  weak  order! n*;  relation  T  on  X  such  that  x  R  y  L.iplies 

•» 

X  T  y  .md  x  T  y  implies  x  T  y  for  all  x,  y  in 

i« 

Proof:  Define  x  T  y  as  follov.s:  if  x,y  in  S,  say  x  T  y  if  and  only  if  x  T  yj 

I 

if  neitner  x  nor  y  in  3,  s.iy  x  T  y  il  "^nd  oily  if  x  T  yj  xf  x  in  S  and  y  not  in  S, 

I 

say  X  T  y;  if  x  non  in  S  and  y  in  S,  s  not  y  T  x.  As  T  is  a  weak  orderirr,  relation 

II 

on  A  and  tlierefore  on' the  coiapiemont  of  3,  and  T  is  i  weak  orderinp  on  S,  It  follows 
easily  ta  it  T  Is  a  we  il:  ordering' rel  AaO;.,  I-'urtaer,  if  x  R  Y,  then  neitner  x  nor  y 

I  I 


are  in  3  and  ti  eref ^re  x  T  y  i.aaiics  x  T  y;  but  x  T  y  holds  by  assumption, 

IT 


G.  Dirkhuff,  D  -.tLice  ^  n' 
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Definition  6«  R  is  said  to  be  a  strong  ordering  relation  If 

(1)  For  all  X,  not  x  K  x} 

(2)  For  all  X  ^  y,  either  x  R  I  or  y  R  x| 

(3)  X  R  y*and  y  Q  z  Ir^ply  x  R  z. 

A  strong  orderlnj  relation  is  a  natural  nenerallzation^of  the  relation  **less  than" 
for  real  numbers.  The  followlnj  lenma  states  an  obvious  property  of  strong  ordering 
relations  which  will  be  useful  later.  First,  we  shall  uefine  the  ternary  relation, 

" betweenness  ". 

i>efinltion  7.  If  R  is  a  strong  ordering  relation,  ilefine  D(x,y,s)  to  mean  x  R  y 
and  y  R  z,  or  z  R  y  and  y  R  x. 

Lema  Lc.  If  x,y,z  are  oistinct,  than  ex:ictly  one  of  tne  following  holdsi 
B(x,y,z),  B(y,x,z),  B(y,z,x). 


3*  The  Arj^regatlon  of  i  Beferei>ce  Relations 

It  will  now  be  supposed  that  there  are  a  number  of  individuals,  each  of  wltora  has  a 
preference  relation  in  a  given  space  of  .ilternatives.  Let  i  stand  for  an  individual, 
and  R^  for  his  preference  rel  tion,  t.nich  is  assiu^^d  to  oe  a  weak  ordering  relation. 

The  letter  V,  possibly  with  subscripts  or  superscripts, *will  denote  a  set  of  individufils; 
the  letter  S,  possibly  similarly  niodifled,  will  denote  a  set  of  alternatives. 

The  problem  of  sociil  welfare  is  to  form  a  function  of  the  individual  preference 
patterns  such  tduit  ths  values  of  the  function  are  thenisclves  weak  ordering  relations. 
This  may  be  expressed  in  the  foUosing,  condition,  lotting  H  be  the  social  preference 
scale  considered  os  a  function  of  R^,...,R^,  wiiere  n  is  t^ie  number  of  Individiuils. 

Condition  1.  For  all  R  is  a  we  dt  orierin,''  relation,  (Universality  of 

Social  ordering). 

It  is  also  natural  to  insist  L^tat  the  preferences  of  individuals  be  reflected 
affirmatively  in  the  social  preference,  i.e.,  if  two  sets  of  individual  preference 
patterns  are  the  s  uae  except  that  one  alternative  is  higher  on  the  preference  scale 
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of  soue  individuals  in  the  second  case  titan  in  first,  then  the  alternative  in  question 
is  not  rated  lower  by  society  in  the  second  cose  than  in  the  first.  To  state  this  con¬ 
dition  precisely,  let  P  be  the  preference  relation  corresponding  to  R  in  accordance 
with  Definition  1;  sinilarly,  ue  will  let  be  the  preference  relation  corresponding 
to  the  weak  ordering  R. • 

^orKiition_2.  Let  R  and  R  be  ti'.e  social  orderings  correspond  in.;  to  the  sets  of 

•  I  I  I 

lndivl(iu:il  orderings  and  respectively,  and  lot  P  and  P  be  the 

I  I 

corresponding  preferetice  relttions,  Suppose  tnat  x  P  y,  and  that,  for  all  i,  x  7 

til  I  I  I 

if  and  onlj-  if  x  R  y  for  all  x  ,  y  not  e«.<ual  to  x,  and  that  x  R^  y  implies 

II  I  II  I  I  -  . 

X  R^  y  md  x  P^^  y  implies  x  y  for  .ill  y  .  Then  x  P  y,  (lionotonicity) 

If  C(S)  is  the  ritionid  choice  function  corresponding  to  R  in  accordance  with 
Theorem  1,  it  must  be  interpreted  as  the  choice  which  society  would  noke  if  the  space 
of  alternatives  were  restricted  to  S.  Tnis  being  so,  C(S)  should  be  independent  of 
the  very  existence  of  alternatives  outside  of  3,  and  therefore  should  depend  only  on 
the  individual  preference  sc'ilos  within  S. 

'  I 

Condition  3.  If,  for  all  i  .and  all  x  and  y  in  S,  x  R^^  y  if  and  only  if  x  R^^  y, 
then  C(.')  •  C  (J),  where  C(S)  is  the  soci  il  ntional  choice  function  derived  from  the 

I 

individu.ll  preference  scales  and  Z  (S)  is  the  social  rational  choice  function 

I  I 

derived  from  the  Individual  preference  scales  Rj^,.,,,Ji^,  (Independence  of  izrelevant 
alternatives) 

Tliere  ore  social  welfare  functions  satisfying  Comlitions  1-3;  the  main  theore.i  of 
this  essay  is  to  snow  that  these  Auictions  fill  into  one  of  the  two  classes  given  by 
the  following  definitions. 

Definition  C.  A  soci d  welfare  function  is  said  to  be  conventional  if  there  exits 
a  pair  x,y  of  distinct  altern’atdves  such  th.it  x  R  y  independently  of  S^,...,R^. 

Definition  9.  social  welfare  function  is  s.oid  to  be  dictatorial  if  there  exists  an 
Individual  i  such  that  for  all  x  and  y,  x  P  y  wnenever  x  Pj^  y  regardless  of  the 


preferences  of  all  Individuals  other  than  i. 

Condition  4.  The  social  welfare  function  is  not  to  be  conventional. 

Condition  5.  The  social  welfare  function  is  not  to  be  dictatorial. 

Condition  4  seecs  to  be  very  sweeping,  since  it  denies  the  possibility  of  aigr 

decision's  being  moved  from  popular  control.  However,  all  that  is  really  needed  is 
the  following  condition! 

I 

Condition  4  .  There  is  a  set  S  containing:  at  least  t.’irce  alternatives  auch  that  R 
is  neither  conventional  nor  uictatorial  on  S. 

To  guard  against  trivialities,  the  following  condition  is  ii^iposel: 

Condition  6.  Tliere  are  at  least  three  alternatives. 

It  will  be  shown  that  Conditions  1-6  are  inconsistent.  In  what  follows,  V  will 

'  o 

I  It 

be  the  null  set  of  Individuals,  V  a  set  containing  a  single  individual,  and  7  the 
set  of  all  lndivlduU.8.  \  number  of  conseciuences  will  be  drawn  from  the  conditions, 
leading  to  a  contradiction. 

Condition  3  ioplies  that  in  considering  C(S},  we  can  disregard  all  preferences  among 
alternatives  not  in  S.  Also,  R,  and  therefore  C(S),  is  cotopletely  defined  by  considerin 
only  two-elenent  sets  of  altenuitives.  This  shows  that  ;nea&urabllity  of  individual 
utility  is  irrelevant  to  the  ordering  of  social  utilities. 

7  is  8>^d  to  be  decisive  for  x  against  y  if  x  P  y  whenever  x  y 

for  all  i  In  V. 

I«ote  that  the  definition  of  decisive  set  is  defined  by  the  process  of  fondng  the 
social  preference  scale  from  individual  pi*eference  scales  and  does  not  depend  on  the 
actual  individual  preference  scales. 

Conseciuence  1.  V  is  decisive  for  x  against  y  if  and  only  if  x  P  y  whenever  x  P^  y 
for  all  i  in  7  and  I  P^  x  for  all  i  not  in  V. 

Proof!  Necessity  follows  directly  from  Definition  10. 
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Sufficlencvt  In  the  aet  \  ^  defined  as  follows  t  x  jr  for  all  1 

in  7  Pj^  X  for  all  i  not  Lt  V.  By  tiypothesle,  x  P  y.  Let  be  arty  other 

indiviJual  preference  scales  In  Qc^j^  such  that  x  P^  y  for  all  1  in  V.  If  1  belong 
to  V,  is  identical  with  R^  in  that  the  con^iitlons  of  Condition  2  are 

satisfied;  if  i  aoes  oot  belong:  to  7,  the  conditions  of  Conlition  2  are  satisfied 

I 

vacuously.  Therefore,  x  P  y,  so  that  7  is  decisive  for  x  a^jainst  y, 

Conse  uence  2,  For  evcr^-  x  and  y,  there  is  a  decisive  set  for  x  against  y, 

Proof:  If  we  interchange  x  and  y  in  Definition  8,  it  follows  from  Condition  U 
that  there  exists  a  set  of  individual  preference  relations  such  that  not 

y  R  X,  and  therefore  such  that  x  P  y.  Let  7  be  the  set  of  individuals  such  that  x  R^  y. 
Let  R^,...,R^  be  defined  in  [x>y_|  '')>s  follows t  x  P^  y  for  1  in  7,  y  P^  x  for  all  1  not 

I  I  • 

in  7,  As  X  P^  y  inpiles  x  R^  y,  by  Leiana  1,  it  follows  from  Condition  2  that  x  P  y, 

3y  Condition  3  and  Conse.;uence  1,  7  is  lecisive  for  .gainst  y, 

N 

Consequence  3.  For  every  x  and  y,  7  is  decisive  for  x  against  y. 

Proof:  Let  7  be  the  decisive  set  for  x  a££.lnst  y  t^u.j'anteed  by  Consequence  2, 

n 

If  X  Pj^  y  for  ol  1  in  7  ,  then  in  particular  x  y  for  all  i  in  7,  and  therefore 

ft 

by  Definition  lU,.x  P  y.  Hence,  7  is  decisive  by  Consetiuence  1  and  Condition  3* 

I  I 

Conse  .uence* -4,  If  7  is  decisive  for  either  x  against  y  or  y  against  s,  then  7 

'  ♦ 

is  decisive  for  x  against  z,  where  x,  y,  z  are  distinct  altenvitives, 

I  roof :  (1)  ..'uppose  7  is  decisive  for  x  against  y,  Oive  tne  individual  in  7* 

the  number  1,  Cuppoje  x  P^  y  and  y  a,  y  1  and  z  x  for  all  i  1, 

Then,  by  Definition  10,  x  F  y.  For  all  i,  y  g,  so  that  y  P  z,  by  Consequence  3, 
Hence,  x  P  z  oy  Condition  1  and  Lenzaa  1,  while  x  P^  z,  z  x  for  i  1,  Ry  Consequence 

t 

1  and  Condition  3,  7  is  decisive  for  x  against  g, 

'  » 

,  .  I  ' 

(2)  Suppose  7  i.s  decisive  for  y  against  Again  suppose  that  x  y 
..and  y  P^  z;  let  z  P^  x  and  x  y  for  i  /  Im  Then,  again,  x  P  y  and  y  P  g,  so  thait 
X  P  z,  while  X  z  and  z  Pj^  x  for  i  /  1.  Hence,  7  is  again  decisive  for  x  against  g« 
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Conae  .uence  5«  Tnere  exists  no  i  ,ind  no  x  and  y  such  that  x  P  y  whenever  x  y 
regardless  of  the  preference  scales  of  all  other  individuals* 

I 

Proof:  Suppose  tiiere  wei*e  such  an  i  and  an  x  and  y.  Let  7  be  the  sat  consisting 

I 

of  the  sole  individual  i.  V  is  decisive  for  x  against  y  by  Definition  10.  Qy  Con- 

I  II 

se<^;Ueoce  U$  V  is  decisive  for  x  ag  linst  any  y  and  for  any  x  against  y.  By  repeated 

I  I 

application  of  Conse  .uence  4»  it  follows  that  V  is  decisive  for  every  x  against  everj’ 

I  .  I 

7  f  X  ,  But  tills  contradicts  Condition  3* 

I  I  I 

It  will  now  be  shown  that  Conditions  1-6  ieau  to  a  contradiction.  Let  x  ,  y  ,  z 
be  any  three  distinct  altern .tives,  as  guar^^teod  by  Condition  6,  For  every  ordered 
pair  of  these,  there  is  at  least  one  decisive  set  by  Conseouence  2,  Of  all  such  decisive 
sets,  consider  the  smallest;  if  this  is  nut  unique,  select  a:]}'  one  of  the  snuillest  sets; 
axKl  designate  that  set  by  7^^,  Let  it  be  decisive  for  x  against  y,  and  denote  by  z  the 

I  I  I 

third  of  the  alternatives  x  ,  y  ,  z  .  Let  the  na-nber  of  Infiividuals  in  7j^  be  k, 

Nimber  the  individu.ils  in  7^«l,...,k,  and  nui.iber  tne  reaaining  individu-ds  k*l,..,,n. 

I 

Let  V  contain  the  sole  individual  1,  7^  indlviduiils  2,...,k,  and  7^  individuals 
k«l,*..,n*  Let  tne  preference  sc  les  of  v.irious  indlviuurils  in  the  net  of  the  ti:ree 
alternatives  x,  y,  z  be  defined  cas  follows: 

i  in  V  :  X  y,  y  *; 

i  in  V^j  z  P^  X,  X  y; 

1  in  7^1  y  Pj^  z,  1  Pj^  X, 

As  X  y  for  all  i  in  7^^,  x  P  y  by  definition  of  decisive  set.  For  all  i  in  7^, 

•  Pj^  y*  while  y  1  lor  all  i  not  in  V^»  If  2  P  y,  then  7^  would  be  decisive  for  z 
against  y  by  Conse  .uence  1;  but  7^  contains  only  k-1  elements,  while  the  smallest 
decisive  set  cont  .ins  k  ele.uents  by  construction.  Tnerefore,  not  z  P  y,  and  hence 
y  R  s,  by  Leraaa  1.  As  x  P  y  and  y  R  z,  x  R  z  by  Lemma  1  and  Corvlitlon  1*  But  x  s 

I  I 

for  1  in  7  ,  while  z  x  for  all  i  not  In  V  ,  contradicting  Conse<..uence  5* 
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THrijiifcK  If  the  mjuber  of  jiltematives  exceeds  two,  every  social  welfare  function 
satisfying:  Conaitions  1-3  is  eitner  convent j on>il  or  dictatorial. 

This  theorem  siigjests  the  deoirability  of  re]axinc  one  of  the  conditions.  From 
the  verj-  ne.inin^j  of  a  ^ociil  decision  proceos,  it  is  hard  to  see  how  Conditions  i  or  3 
Can  be  we.Asned,  Two  specific  social  welfaire  functions  which  violate  Condition  3  will 
be  examined,  and  it  will  be  clear  that  in  these  c  ises,  at  any  rate,  the  functions  ore 
undesirable.  The  rei^inin^  sections  will  be  concerned  with  weakening’  of  the  various 
other  conditions, 

« 

4,  Conventional  and  Dictatorial  oucial  ■.elf.-.re  Functions 

It  is  obvious  that  convention;il  nnd  dictatorial  social  welfare  functions  satisfying 
Conditions  1-3  exist.  For  a  conventional  social  welf  re  function,  let  R  be  any  weak 
orderlnt:  of  the  iltematives  independent  of  R.,.,,,R  ,  Tnen  R  satisfies  Conditions  1-3 
and  in  'fact  is  not  dictatorial. 

For  a  iictatorial  social  weLf  trc  function,  let  R  coincide  with  R^,  ^!ien  R  satisfies 
Conditions  1-3  and  in  addition  is  not  conventional, 

..'e  could  not  restrict  dictatorial  30ci:U.  welf.^  functions  to  the  case  where  x  R  y 
if  and  only  if  x  R^^  y,  if  we  wished  to  preserve  Theorem  For  a  counter-exai.iple,  let 
R  be  deflr.oa  as  follows:  x  P  y  if  ^  only  if  for  sons  i,  x  Ij  y  for  j  <  i,  x  y| 
this  relation  R  sat^sfits  Conditions  1-4  and  is  dictatorial  under  Definition  9  but  not 
under  the  proposed  redefinition, 

5,  The  ‘..umber  of  Altumatives 

If  the  number  of  dtematives  is  zero  or  one,  the  problem  is  meaningless.  If  the 
niimber  of  alternatives  is  two,  tf  ere  are  metlKxis  for  which  no  difficulty  can  arise  with 
transitivity,  ac  ..ijht,  for  exai:f>le,  use  laajority  votir.::  as  the  social  welfare  function, 
interpreting:  a  tie  as  social  indifference.  This  viewpxiitit  is  essentially  the  basis  of 
the  Ant:Jo-Aiuerlc.an  two-party  system. 
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6»  In(le;>endeoee  of  Irrelevant  ^tern  ttivoa 

0n«  exanple  of  n.  50ci:il  welfare  function  violating;  Condition  3  is  the  foUowincs 
Asauue,  foUovlnf;  von  Keuraann  and  llorjenstcm^^,  that  for  each  indivi  iii  il  utility  is 
■easurahle  up  to  line  ir  tr.tnsfonikitions;  itnd  aasurae  further  that  there  ia  a  maxinua  and 
a  Minimi  in  utility  for  each  indlviduil.  Then  the  utility  for  each  individual  can  be 
defined  uniquely'  by  lettlnj  the  :ja;clmuin  jtility  for  each  individual  be  one  and  the  aini- 
mm  zei*o.  Tnen  order  social  preferences  by  the  suia  of  the  indlvilu.il  utilities. 

Suppose  there  are  tnree  alternatives  and  three  individu^ils.  Let  tv/o  of  the  indi¬ 
viduals  have  the  utility  1  for  x,  ,9  for  y,  and  0  for  z;  and  let  the  third  individual 
have  the  utility  1  lor  y,  .5  for  x,  uid  0  for  z,  On  the  above  criterion,  y  ’..’Ould  be 
chosen  as  againet  x.  Clearly,  z  is  a  very  un.iesirable  'Itemative,  since  each  indi¬ 
vidual  rejj.ards  it  as  worst.  If  z  '..'ere  blotted  out  of  existence,  it  should  not  .nake 
any  difference  to  the  fin-al  outcouej  yet,  doinj  so  would  cause  the  first  two  indiviuuals 
to  have  utility  1  for  x  and  0  for  y,  while  the  tldrd  iniividual  will  have  utility  0  for 
X  and  1  for  y,  so  th  it  now  x  is  preferred  to  y.  This  is  cleirl^'  unsatisfactory. 

Another  socl  d  welfare  function,  applicable  to  a  finite  number  of  alternatives, 
which  vioi.atos  Condition  3  the  rank-order  nettio<l  of  votin^:  Let  each  individual  rank 
the  alternatives  '.nd  then  weigh  each  cliolce,  the  hl.jiier  weijnt  >!oing  to  the  more  pre¬ 
ferred  choice.  The  socially  chosen  ^tltemative  is  that  with  the  highest  wei.o;hted  sum 
of  votes. 

Let  there  oe  three  individuals  and  four  alternatives,  \,  y,  z,  .and  w.  Let  indi¬ 
viduals  1  and  ^  rank  then  in  the  order  x,  y,  z,  w,  while  individual  3  rank  then  in 


the  order  z,  w,  x,  y.  Let  the  weights  for  first,  second,  third  and  fourth  choice  be 
3f  1  respectively.  Then  x  is  criosen.  Alternative  y  is  always  inferior  to  x. 


E" 


The  examples  in  tills  section  were  suggested  in  discussions  with  A.  Kaplan  and 
with  G.  E.  Korsy-the,  National  Bureau  of  btandarde. 
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so  that  its  deletion  should  not  affect  the  choice  of  x.  But  if  y  is  deleted,  and  the 
first,  second,  ind  tnird  choices  are  weighted  4,3*-^  or  3,^,1  respectively,  we  now 
find  that  X  ind  z  are  now  tied. 

7*  Universality  of  3ocial  Qrderinr.. 

Condition  1  Lii/.ht  be  weakened  in  two  wayst  (1)  rocuire  that  R  be  a  weak  orderinc 
onlj'  for  socae  restricted  ran'^e  of  possible  individual  preference  patterns 
re  uire  only  tliat  R  be  a  partial  weak  orderiiif , 

The  first  we  ikeninj  is  c^uite  realistic*  For  example,  under  individualistic  ■ee<l>- 
tions,  ar\j'  social  decision  which  ^ivcs  individual  i  more  of  each  coinodity  will  be  pre¬ 
ferred  by  hijr.,  aid  It  woiJ.d  be  pointless  to  re<!uire  that  R  even  oe  defined  fbr 
not  consistent  with  this  condition.  Such  restrictions  are  of  the  nature  of  weak  partial 
orderint^s.  Condition  1  mi  jht  be  replaced  by  the  following;  condition* 

I 

Condition  1  *  Let  ^  ^  specified  set  of  partial  weak  orderinjs*  Then  for 

every  R^,.**,R^  such  that  x  y  inplies  x  y,  R  is  a  weak  ordering  relation* 

Suppose  tnat  W^*****^  such  that  there  exists  a  set  S  containing  at  least  three 

oltem  Aives  such  that  for  all  i  and  all  distinct  alternatives  x,  y  in  S,  neither  x  y 

nor  y  X*  An  e.xainple  of  this  would  be  a  decision  to  distribute  seven!  eonmodities 

e 

.aaong  the  individuals*  Cotisider  three  possible  distributions,  such  that  no  one  gives 
nore  of  eacn  cooraodity  to  oiy  one  iniividual  ttian  any  other  distribution*  In  this  ease, 
LecBu  11  applies  for  each  i,  if  we  substitute  for  R  arid  R^  for  T  *  It  follows  then 
^l*****Si  restrictioi.  on  the  orlerin,;  witnin  S,  so  that  the  whole  ansl^'sis 

leaaing  up  to  Theorem  k  is  applicable* 

TH^URBC  3*  If  weak  partial  orderirj;a  for  which  there  exists  a  set  S  con¬ 

tain  at  least  three  oltem.atlvos  such  that  for  all  i  and  all  distinct  alternatives 
X,  y  in  S,  neither  x  y  nor  y  x,  then  every  social  welfare  function  satisfying 

I 

Conditions  1  ,  k,  raid  3  is  either  conventional  or  dictatorial* 


A  loore  radic^  irestriction  upon  the  ranje  of  possible  Individual  preference  patterns 
has  been  proposed  by  D.  31ack,^  Black's  result  for  a  finite  nwnber  of  alternatives 
Is  here  {generalized  to  any  space  of  alternatives. 

A.  There  exists  a  stronf  orderin;":  relation  S  such  that  for  each  1,  x  y  ;ind  B(x,y,z) 
together  iapl;-  y  z. 

Here,  B(x,>,z)  is  aei’ined  by  Definition  7.  Loosely,  this  condition  raeans  that  the 
space  of  ;ltematives  can  be  represented  line  irly  in  such  a  vay  that  each  individual 
has  a  most  preferred  position  and  the  preference  for  other  decisions  decreases  as  the 
altem.-tive  moves  farther  away  froo  the  i.iost  preferred  position  in  cither  direction. 

This  is  the  s  uae  idea  as  the  left-to-ri/,ht  ordering;  of  political  parties  in  Contlnent:vl 
politics. 

Let  .’i(x,y)  be  the  n’jmber  of  individuals  for  whom  x  y.  Then  define  a  social  wel¬ 
fare  function,  the  method  of  nu.Jority  iecision,  by  the  requirement  that  x  R  y  means 

^  M(y»x). 

Lemma  13.  If  R  is  tne  majority  decision  mcth«>],  and  if,  for  all  i,  x  Rj^  y  implies 
z  w,  then  x  R  y  implies  z  R  w. 

Proof:  Suppose  the  hypothesis  and  the  condition  x  R  Y  both  hold.  From  the  h'po- 
thesis,  N(z,v>)  >  fi(x,y)j  since  x  R  y,  IJ(x,y)  >  «(y,x).  From  the  liypothesis,  v  z 
implies  y  X  for  each  1,  usinc  Le.^ovi  1,  so  that  N(w,z)  <  N(y,x),  Hence,  N(z,w)  >  N(w,z), 
so  that  z  R  w. 

N 

Condition  1  .  For  ;ill  Rj^,,,,,R^  satisfying:  A,  R  is  n  v;eak  ordering  relation, 

THLx>re£2*  4.  The  netho<J  of  majority  decision  is  a  social  welfare  function  satisfyin£ 

H 

Conditions  1  and  ^-5  for  any  number  of  J.ter:iatives,  provi  ied  the  number  of  individuals 
is  odd. 

;'roof:  If  R  is  the  ...etnod  of  majority  decision,  it  clearly  satisfied  Conditions  2-5. 

U 

D.  Black,  "On  the  flationals  of  Croup  Decision-i-Iakint:,"  Journal  of  Political  Kconoror. 
LVl  (1948),  pp,  <.V34.  "The  Decisions  of  a  Coi:oiittee  Usinj  a  Bpccial  Majority'*, 
Lconometrica.  16  (19Hb),  pp,  x45~<-61. 
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It  is  onli'  necessjjr:,  to  show  tlvit  Conciition  1  is  s  itisiiei,  i.c*,,  that  R  satisfies 
I  and  II  ..lien  aw  rostrictei  by  A,  The  condition  of  corjiexity  is  clearly 

satisfied;  it  only  remains  to  verify  transitivity. 

If  anj'  two  of  x,y,2  -ire  e^u  J.,  t-.ien  it  is  trivi  il  that  x  R  y  and  y  R  z  i.  iply  x  R  z, 
SupiXise  x,.v,z  iiatinct,  and  suppose  x  R  y  ind  y  II  z  hold,  Bj  Lanria  1^,  there  are  three* 
possioilities:  3(y,x,z>,  nd  B(y,7,,x), 

(1)  B(x,y,*,):  Fro:.;  A,  x  y  iir.plics  "  •  z  anJ  trinrefore  x  z.  By  Loiiraa  13* 

X  R  z  follows  from  x  R  y, 

(..i)  B(y,x,z);  SupjKDse  y  z  but  not  x  tr^  z,  Tnen  z  x,  and  tnereforc  y  x. 

Then,  fron  A,  x  z,  v/hich  is  a  contradiction.  Therefore  y  R^  z  LiplLes  x  z,  so 

that  X  R  -  follows  frof.;  y  R  z  ly  Lcmi.t  13, 

(3)  Bvy»z,x):  suppose  y  s.  Then  z  x,  by  A,  nnd  y  x.  Let  JJ*  be  the  tot-J. 
nu.aber  of  irKiivi<ju  for  whoii  y  x,  and  N  the  total  nuialier  of  iniividuals.  Then 
:  *Iso,  h(y,x)  >  r.  ,  so  that  fror.  x  R  y  it  follows  that  N  -  N*  ^ 

I  .  I  ,  . 

or  N  ^  IJ/,.,  But  since  y  z  L-nplies  y  x,  N  >  :I(y,z),  As  y  R^  z  or  z  Rj^  y  for 
all  i,  h(y,z)  ♦  '-(Zjy)  ^  h.  As  y  h  z  b.  assicaption,  i«(y,z)  >  h(z,y),  so  that 

>  RA#  Therefore,  fi  >  ilA»  or  *  ^A*  **his  contr.-licts  the  asouiption  that 
R  is  odd;  hence,  c  se  (3)  cannot  .rise, 

/ 

The  condition  tiiat  the  number  of  iniividuils  oe  o  id  is  essential.  Suppose  there 
were  two  inJividu'ls,  one  of  wnoti  preferred  x  to  y  and  y  to  z,  while  the  otner  prefenred 
y  to  z  and  z  to  x.  These  preference  sc  lies  satisfy  A  if  the  ordering  x,y,z  is  t".-;en 
as  the  basic  strong  ordering.  Then  mjority  decision  yields  tiiat  x  Is  indifferent  to 
y  and  y  is  preferred  to  z,  .)ut  x  is  indifferent  -and  not  preferred  to  z. 

The  second  weakening  of  CoivJition  1,  n-xiely,  tl.at  R  be  only  a  partial  weak  ordering, 
has,  in  fact,  beer  tlie  approach  of  suck  positive  work  as  exists  in  welf.are  economics, 
iS  aentiored  ir.  dectiou  1,  Social  preference  is  aefined  ky  saying  that  x  R  y  ne''n8 
x  Rj^  y  for  -.11  i.  This  relation  clearly  satisfies  all  conditions  if  Condition  1  is 


modified  to  reiiuire  only  tliat  R  be  a  partial  weak  ordering.  It  nay  be  noted  that 
noet  of  the  eubstantive  theorems  derived  also  assume  that  there  Is  at  least  one  com¬ 
modity  stieh  that  each  individual  will  prefer  more  or  it  to  less,  all  other  tnings  being 
equal*  That  is,  are  restilcted  to  be  consistent  with  certain  preassigned 

partla''  weak  orJerir^s, 

6.  Came  Problems  In  .jocial  Welfare  Theory 

In  the  preceding  analysis.  It  has  been  presupposed  that  the  individual  preference 
patterns  were  kno\4n.  However,  if  sotoe  soci;il  welfare  function  is  established,  and  if 
the  Individual  preference  patterns  are  to  be  obtained  by  sotae  form  of  (  ueartlonnai  re, 
such  as  voting,  there  is  always  the  danger  of  f  ilse  answers  to  U:<ke  advantage  of  the 
machinery  in  the  manner  of  a  gune*  For  example,  under  plurality  voting,  individuals 
do  not  vote  for  hopeless  minority  candidates  even  though  they  may  prefer  them.  To 
insure  proper  social  welfare,  the  rules  of  the  electoral  giuae  uust  be  so  devised  as  to 
insure  titat  expressed  preferences  coincide  with  actual  preferences.  This  problem  is 
allied  to  the  problem  of  g.uass  of  fair  division. * 

/ 
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